The sine-Gordon equation is the theory of a massless scalar field in one space and one time dimension with interaction density proportional to cosPq, where P is a real parameter. I show that if P' exceeds 8m, the energy density of the theory is unbounded below; if P' equals 4m, the theory is equivalent to the zero-charge sector of the theory of a free massive Fermi field; for other values of P, the theory is equivalent to the zero-charge sector of the massive Thirring model. The sine-Gordon soliton is identified with the fundamental fermion of the Thirring model.
I. INTRODUCTION The sine-Gordon equation is the sophomoric but unfortunately standard name for the theory of a single scalar field in one space and one time dimension, with dynamics determined by the Lagrangian density' g =-, 'a"ya" y+ -222 cosPcp+y, .
Here the sum over repeated indices is implied, and cjt"P, and r, are real parameters. Since we are free to redefine the sign of y, we can always take P to be positive. Likewise, since we are free to shift y by v/P, we can always take c2, to be positive. We For the sine-Gordon equation, this normal-ordering is equivalent to a multiplicative renormalization of n, and an additive renormalization of y". P is not renormalized.
(2) If P' exceeds 8v, the energy per unit volume is unbounded below, and the theory has no ground state.
(3) If P' is less than 8v, the theory is equivalent to the charge-zero sector of the massive Thirring model. This is a surprise, since the Thirring model is a canonical field theory whose Hamiltonian is expressed in terms of fundamental Fermi fields only. ' (4) In the special case P'=4v, the sine-Gordon equation describes the charge-zero sector of a free massive Dirae field theory. Fig. 1(a) is ultravioletdivergent, while that of Fig. 1(b 
The computation is made trivial by reordering.
Expanding Eq. (2.14) in powers of P, we find 2 2 N (~P'y') =N"( , 'P'p') --l-n -,. (1961) . The model was studied in more detail by C. Somrnerfield, Ann. Phys. (N, Y. ) 
